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ABSTRACT 

In the longitudinal vibration analysis of liquid 
fueled rockets an accurate finite element representation 
of the propellant is required. Essentially this involves 
deriving a mass matrix for a fluid. 

This memorandum describes a computer program, 
which can be used to compute the mass matrix for a liquid 
propellant contained in an elliptical tank. The program 
is based on a method developed by R. L. Goldman of RIAS, 
and involves solving the governing hydrodynamic equations 
by finite differences. 

The input to the program consists merely of the 
tank dimensions, the liquid depth and a grid parameter for 
the finite difference scheme. 

A sample problem, with tank dimensions correspond- 
ing to the S-I1 LOX tank, is solved. 
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SUBJECT: U s e r ' s  Guide t o  t h e  E l l i p t i c a l  DATE: November 2 4 ,  1970  
Tank Program ETANKl - Case 320 

FROM: T. J. Rudd 
M. 0. Taylor 

MEMORANDUM FOR FILE 

1. INTRODUCTION 

I n  t h e  long i tud ina l  v i b r a t i o n  a n a l y s i s  of l i q u i d  
fue led  rocke t s  by f i n i t e  element methods, it i s  necessary 
t o  have an accu ra t e  r ep resen ta t ion  of t h e  l i q u i d  p rope l l an t .  
While t h e  i n e r t i a l  p rope r t i e s  of t h e  rocke t  s t r u c t u r e  can 
be d i s c r e t i z e d  by inspec t ion ,  d i s c r e t i z a t i o n  of t h e  l i q u i d  
p r o p e l l a n t  w i t h  i t s  inhe ren t  f l u i d i t y  is  much more d i f f i -  
c u l t .  

An accura t e  method f o r  d i s c r e t i z i n g  t h e  l i q u i d  
p r o p e l l a n t  must be based on hydrodynamic equat ions and 
given boundary condi t ions .  
one such method where t h e  i n e r t i a l  p r o p e r t i e s  of  the  pro- 
p e l l a n t  are convenient ly  represented  i n  t e r m s  o f  t h e  pro- 
p e l l a n t  tank motion alone. 

The r e p o r t  by Goldmant describes 

T h i s  memorandum descr ibes  a computer program, 
based on Goldman's method, which on i n p u t  of t h e  tank dimen- 
s i o n s ,  t h e  l i q u i d  depth and a g r i d  parameter (used i n  t h e  
f i n i t e  d i f f e r e n c e  s o l u t i o n  of t h e  hydrodynamics) y i e l d s  t h e  
m a s s  ma t r ix  f o r  a p rope l l an t  contained i n  an e l l i p t i c a l  tank.  

A t  p r e s e n t  t h e  program i s  l i m i t e d  t o  depths  of 
less than  h a l f  f u l l .  Furthermore, t h e  l o c a t i o n  of t h e  tank 
gene ra l i zed  co-ordinates  i s  determined by t h e  f i n i t e  d i f f e r -  
ence g r i d  and cannot be s p e c i f i e d  by the use r .  A modified 
program i s  being developed t o  overcome t h e s e  l i m i t a t i o n s .  

2 .  GENERAL DESCRIPTION 

The main r o u t i n e  MAIN governs t h e  flow of t h e  whole 
problem. A system f l o w  c h a r t  t o  i l l u s t r a t e  t h i s  i s  given on 
page A l .  The comments i n  t h e  program l i s t i n g  a l l o w  easy 
r e f e r e n c e  between t h e  flow c h a r t  and t h e  program. MAIN uses  
as subrout ines  E L I 2 ,  INTGR, PRINT, A X I S ,  MSTPER, MXMLT, 
MTXADD and G J R .  

tLongi tudinal  Vibrat ion Analysis  of P a r t i a l l y - F i l l e d  
E l l i p s o i d a l  Tanks by F i n i t e  Di f fe rences ,  R. L. Goldman, 
Research I n s t i t u t e  fo r  Advanced Study, Technical  Report 
NO. 70-6C, August 1970.  
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EL12 is n o t  shown as a sub rou t ine  on t h e  flow chart  
of M A I N .  It i s  used i n  t h e  c a l c u l a t i o n  of t h e  arc l e n g t h  and 
the  c a l c u l a t i o n  of t h e  GBAR matrix.  I t  is  a canned r o u t i n e ,  
which computes an e l l i p t i c  i n t e g r a l  o f  t h e  second kind. I t  
has many comments g iv ing  t h e  c a l l i n g  sequence and a no te  on 
where t o  f i n d  t h e  numerical method used. 

INTGR i s  t h e  subrout ine,  which does a seven p o i n t  
i n t e g r a t i o n .  I t  i s  n o t  shown on t h e  flow c h a r t  f o r  MAIN.  I t  
i s  used i n  t h e  c a l c u l a t i o n  for  t h e  GBAR matr ix .  I t ' s  c a l l i n g  
sequence is: 

RSLT: t h i s  r e t u r n s  t h e  i n t e g r a l .  
F: i s  a vector g iv ing  seven va lues ,  which are  used t o  

c a l c u l a t e  t h e  i n t e g r a l .  

PRINT i s  implied on t h e  flow chart  i n  t he  blocks 
f o r  p r i n t  matr ix .  I t  p r i n t s  o u t  a mat r ix  by rows. I t ' s  
c a l l i n g  sequence is: 

A: t h e  name of t h e  matrix t o  be p r i n t e d .  
NR: t h e  a c t u a l  number of r o w s  of t h e  matr ix .  
NC : t h e  a c t u a l  number of columns of  t h e  matr ix .  
I R :  t h e  maximum number of r o w s  o f  t h e  ma t r ix  i n  t h e  

dimension s ta tement  of t h e  c a l l i n g  sequence. 
IC:  t h e  maximum number of columns of t he  mat r ix  i n  the  

dimension s ta tement  of t h e  c a l l i n g  program. 
NAME: a s i x  h o l l e r i t h  cha rac t e r ,  which i s  t h e  name of t h e  

matr ix .  

A X I S  i s  t h e  subrout ine  t h a t  does t h e  c a l c u l a t i o n s  f o r  
a l l  t h e  a x i s  po in t s .  

MSTPER is  t h e  subrout ine t h a t  c o n t r o l s  t h e  use  of t h e  
sub rou t ines  PERIPH and G E N I N T .  Since it i s  one of  t h e  key- 
s t o n e s  of t h e  program a system flow c h a r t  i s  given on page A 2 .  
I t  has no c a l l i n g  sequence. 

t i o n s  of t he  p e r i p h e r a l  i n t e r i o r  and boundary p o i n t s .  It uses  
as subrou t ines  E L I 2  and WEGIT. Since it is  aga in  a keystone 
of  the program a system flow c h a r t  is given on pages A3 and 
A4 .  

PERIPH is  t h e  subrout ine t h a t  performs t h e  ca l cu la -  

The c a l l i n g  sequence for  PERIPH is: 

L: t h e  number of t h e  column. 
NTYPE: t h e  type  of t h e  pe r iphe ra l  i n t e r i o r  p o i n t  (descr ibed  

i n  Goldman's r e p o r t ) .  
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IBND: i s  the  number of the lower boundary p o i n t .  
IPLS: i s  t h e  number of t he  upper boundary po in t .  
I R :  i s  t h e  number of the  gene ra l  i n t e r i o r  p o i n t s  

i n  t h e  column. 

WEGIT is  one of t he  MATH PACK subrout ines .  I t  has  
been modified t o  e l imina te  p r i n t  from every i t e r a t i o n .  

MXMLT is  n o t  i nd ica t ed  on the flow c h a r t  of main a s  
a subrout ine .  I t  i s  a MATH PACK subrout ine  and i s  used i n  
c a l c u l a t i o n s  f o r  t h e  der ived  matrices. 

MTXADD i s  a subrout ine  t h a t  adds t h e  mat r ix  B t o  
t h e  mat r ix  A and s t o r e s  t h e  r e s u l t  i n  mat r ix  A. The c a l l i n g  
sequence is: 

A: t h e  f i r s t  mat r ix  and t h e  r e s u l t .  
B: t h e  mat r ix  t o  be added t o  A. 

IR: t h e  a c t u a l  number of rows of t h e  A and B ma t r i ces .  
IC: t h e  a c t u a l  number of columns of t h e  A and B matrices. 
NR: t h e  maximum nmmber of rows of A and B. 

NC : t h e  maximum number of columns of A and B. 

3 .  PROGRAM PRINTOUTS 

(I) I f  IDGST = 3 o r  0 t h e  p r i n t o u t  i s  as follows: 

BOUNDARY POINTS. The f i r s t  column headed P O I N T  
g i v e s  t h e  number of t h e  boundary p o i n t .  The second column 
headed LAMBDA is t h e  normalized h co-ordinate of t h e  p o i n t ,  
and t h e  t h i r d  column headed 2 g ives  t h e  normalized z co- 
o r d i n a t e  of t h e  po in t .  The  fou r th  column headed COLUMN i s  
zero  i f  t h e  boundary po in t  i s  n o t  a mul t ip l e  of h, o therwise  
it is  the  column number. The f i f t h  column headed ROW i s  z e r o  
if t h e  p o i n t  i s  n o t  on a row mesh p o i n t  ( i .e.  a mul t ip l e  of d ) ,  
o therwise  it is  t h e  row number. The s i x t h  column headed ARC 
i s  t h e  normalized a r c  l eng th  along t h e  boundary measured from 
t h e  bottom of t h e  tank. The l a s t  column headed ANG NORM i s  
the angle  ( i n  r a d i a n s )  ; t h e  outward normal t o  t h e  e l l i p s e  makes 
the  upward z a x i s .  Below t h e  boundary p o i n t  information i s  a 
t a b l e  l i s t i n g  t h e  i n p u t  d a t a .  

MASS MATRIX. The mass mat r ix  p r i n t e d  o u t  i s  the  
3 l i q u i d  mass mat r ix  divided by 2 n R  y .  

(11) If I D G S T  = 2 t h e  information a d d i t i o n a l  t o  
s e c t i o n  (1) t h a t  i s  p r i n t e d  o u t  i s  a s  follows: 
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GBAR MATRIX. T h i s  ma t r ix  is  def ined  i n  Goldman's 
r e p o r t .  
than one row of p r i n t i n g .  

I n  most cases  one row of t h e  mat r ix  w i l l  r e q u i r e  more 

M 1 ,  N1, N2, R 1 ,  S1, S2, H, S, N, (Ml)-l MATRICES. 
A l l  of t h e s e  matrices, which a r e  p r i n t e d  i n  t h e  order  above, 
are def ined  i n  Goldman's r epor t .  

(111) I f  I D G S T  = 1 t h e  information a d d i t i o n a l  t o  
s e c t i o n s  (1) and (11) t h a t  i s  p r i n t e d  o u t  i s  a s  follows: 
(Note. This information i s  given each t i m e  t h e  subrout ine  
PERIPH i s  c a l l e d ,  i .e . ,  a s  many t i m e s  a s  t h e r e  are p e r i p h e r a l  
i n t e r i o r  p o i n t s )  . 

WEGSTEIN VALUES. The f i rs t  value ZK i s  t h e  approxi- 
mation of the z co-ordinate  a t  t h e  pseudo boundary po in t ;  F X  
i s  the i m p l i c i t  va lue  of the  z co-ordinate  eva lua ted  a t  z; 
E i s  the pe rmis s ib l e  e r r o r ;  K i s  t h e  swi tch ,  which i s  2 a t  
normal completion; N I T  is the number of i t e r a t i o n s  t o  have t h e  
a b s o l u t e  d i f f e r e n c e  of F X  and ZK less t h a n  E. 

OMGBAR. This i s  the a r c  l eng th  r a t i o  E. 

PERIPH MATRIX. This i s  t h e  B mat r ix  ( p r i n t e d  o u t  
by r o w s ) .  

INVR MATRIX. T h i s  is  t h e  i n v e r s e  of B.  

VEC. This conta ins  t h e  p r e m u l t i p l i e r s  used t o  
c a l c u l a t e  t h e  p e r i p h e r a l  i n t e r i o r  p o i n t s .  

VEX. This g ives  the  c o e f f i c i e n t s  f o r  t h e  p e r i p h e r a l  
i n t e r i o r  p o i n t s .  The second p r i n t  of VEX g ives  t h e  c o e f f i c i e n t s  
f o r  the p e r i p h e r a l  boundary po in t s .  For t h e  type  1 boundary 
t h e r e  w i l l  be a t h i r d  p r i n t  of VEX r e l a t i n g  t o  t h e  second 
boundary po in t .  

4 .  PREPARATION OF I N P U T  DATA 

The i n p u t  i s  i n  NAMELIST format a s  follows: 

$DATP* 
ABAR: t h e  semi-major a x i s .  
BBAR: t h e  semi-minor a x i s .  
DCAP: t h e  depth of l i q u i d .  
N: t he  mesh s i z e  parameter ( i n  p r a c t i c e  N - > 5). 
C I :  t h e  i n t e r p o l a t i o n  cons tan t  used t o  remove a boundary 

p o i n t  which i s  c l o s e  t o  another  p o i n t .  
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a r c  l eng th  between t h e  two c l o s e  boundary p o i n t s  
a r c  l eng th  between t h e  f i r s t  two boundary p o i n t s  ' i f  C I  > 

i n t e r p o l a t i o n  c a r r i e d  o u t  ( i n  p r a c t i c e  C I  = 0 . 2 0 )  

if C I  = 0 .  no i n t e r p o l a t i o n  i s  c a r r i e d  ou t .  
IDGST: i f  t h e  p r i n t  parameter (see s e c t i o n  3 ) .  

i f  I D G S T  = 0 o r  3 only t h e  boundary p o i n t s  and t h e  
mass mat r ix  are p r i n t e d  out .  

T. J. Rudd 

2 0 3 b M O T - a j  T J R  j 

Attachments 



APPENDIX A: FLOW CHARTS 

READ I N  IDGST. 
THE SEMIMAJOR & MINOR AXES 
DEPTH OF FLUID #OF DIVISIONS 

CALCULATE THE 
NORMALIZED COORDINATES 

DETERMINE THE NO. OF 
INTERIOR POINTS FOR 
EACH COLUMN E THE 
VALUES OF A & 2 FOR 
THE BOUNDARY POINT 

CALCULATE THE As & 
2s FOR THE ROW 
BOUNDARY POINT 

ELIMINATE THE 
DUPLICATE hr IF THEY 
EXIST 

I 
CALCULATE TOTAL ARC 

MATRIX 
L E N G T H & T H E ~  

PRINT As, 2s. 
ROW #, COLUMN #, 
ARC LENGTH & THE 
ANGLE OF THE NORMAL 

DIAGNOSTIC 
PRINTS OF THE 
ZND & LOWER 

LEVELS WANTED .:-I::::::- 1 PRINT THE GMATRlX 

USE AXIS 
TO CALCULATE THE 
AXIS POINTS I N  THE 

MATRICES 
M i .  N i  E Nz 

TO COMPLETE THE 
CALCULATIONS FOR THE 

Mi. N1, Nz, R. SI, 

- A 1  - 
1 

DIAGNOSTIC 
PRINTS OF THE 
ZND & LOWER 

LEVELS 
WANTED 

, I YES , 
PRINTTHE Mi, N1, 
Nz. R. S i ,  SZ AND 
H MATRICES 

SECOND E LOWER 
LEVELS WANTED 

PRINT THE S MATRIX 

1 

CALCULATE THE N MATRIX c_ri 
DIAGNOSTIC 

PRINTS OF THE 
ZND E LOWER 

ORDER WANTED 

PRINT THEN MATRIX Q 
316 

ZERO THE Mi, N1, Nz. 

MATRICES 
R, sl, s2, GAND n 

*WRITE ERROR MESSAGE 

ETANK1 MAIN 

313 

USE GJR 
TO INVERT THE 

M i  MATRIX 

I 

PRINTS OF THE ZND 
& LOWER LEVELS 

PRINT M i  INVERSE 

T 
COMPLETE THE CALCU- 
LATION FOR THE a 

DIAGNOSTIC 

ZND & LOWER 

?l PRINT THE a MATRIX 

I 

CALCULATE E PRINT 
THE MASS LIQUID MATRIX 

YES 

PREPARE INTERPOLATION 
COEFFICIENTS 

I 
CALCULATE AND PRINT 
THE INTERPOLATED 

AND BOUNDARY POINT TABLE 
a MATRIX, MASS MATRIX 

I 
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ETANK1. MSTPER 

140 

ENTER 

INITIALIZE 

100 

MAKE CHANGES NEEDED TO 
MOVE TO NEXT COLUMN 

INCREASE THE UPPER 
AND LOWER BOUNDS FOR 
THE WORKING AREA 

A 
I N T Y P E = l  

I 
TO CALCULATE THE TYPE 

1 PERIPHERAL AND 
BOUNDARY POINTS 

I 

180 

USE GENINT 
TO CALCULATE THE 
GENERAL INTERIOR 
POINTS FOR COLUMN 

POINT 

ALSO A ROW 
POINT 

NTYPE = 2 + 
USE PERIPH 

TO CALCULATE THE TYPE 
2 PERIPHERAL AND 
BOUNDARY POINTS 

BOUNDARY 

, I YES 160 

DECREASE IR BY 1 I NTYPEz3 

USE PERIPH 
TO CALCULATE THE TYPE 

3 PERIPHERAL AND 
BOUNDARY POINTS 

I 
- 1  

BOUNDARY POINT 

NEXT TO LAST 

YES 

I I 
REVERSE THE ORDER 
OF THE ROWS OF 
THE H MATRIX 

RETURN 0 



ENTER Q 

PRINT THE B MATRIX 

AND NTYPE 
- 

CALCULATE THE PRE-MULTIPLY 
VECTOR FOR A L L  PERIPHERAL 
INTERIOR POINTS 

CALCULATE THE LAST 
TWO ROWS OF THE 

PREPARE TO USE THE 
WEGSTEIN INTERATION 

CALCULATE FX (FYI  

I 

WEGIT TO 
CALCULATEA 

NEW F X  (FYI  

ERROR MESSAGE . 
NOCONVERGENCE 

170 

ERROR MESSAGE 
OVERFLOW 

- A 3  - 

180 

ETANK1. PERIPH 

zoo0 

CALCULATE ARC LENGTH 

WRITE FX.ZK, E, K 
& #OF ITERATIONS 

I C A L C U L A T E H  I 

ONLY THE FIRST 

PRINTQ 

T 

I CALCULATE R, R1, 
R k  & THEIR SINES & 
COSINES I 

CALCULATE THE 1ST & 
2ND ROWS OF THE 
B MATRIX 

CALCULATE THE THREE 
UNIQUE ROWS OF THE 
B MATRIX 

3000 6 
I CALCULATE THE 3R0  

ROW OF THE B MATRIX 

IS ONLY 
THE FIRST LEVEL 

IS THE 
FIRST LEVEL OF 

DIAGNOSTICS 

~ YES 

r I 

PRINT B INVERSE 

PREMULTIPLE B INVERSE 
BY VEC 

1 
FIRST LEVEL 

OF DIAGNOSTICS 

1 
PRINT THE RESULT VEX 

NTYPE 

1 
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ETANKI. PERIPH ICONT'D) 

lorn 
STORE ELEMENTS OF THE 
MI.NI,ANDN2MATRlCES 
FOR THE TYPE 1 PERIPHERAL 
INTERIOR POINTS 
N T  P E - 4  

1030 I 

I 

COMPUTE VEC THO PRE- 
MULTIPLIER VECTOR FOR 

$L 

MI, N1,AND N2 MATRICES 
FOR THE TYPE 2 PERIPHERAL 
INTERIOR POINTS 
NTYPE * 6 

COMPUTE VEC THE 
PREMULTIPLIER FOR 

$L+1 

I 

MI, NI. AND N2 MATRICES 
FOR THE TYPE 3 PERIPHERAL 
INTERIOR POINTS 
NTYPE * 7 

Q 
m 

ERROR MESSAGE 
THE MATRIX DID NOT 
INVERT 

FOR  FOR THE TYPE 
1 PERIPHERAL BOUNDARY 

IYES 

IYES 

STOREELEMENTSOFTHE 
R I , S ~ ,  ANDs2 MATRICES 
FOR THE TYPE 1 PERIPHERAL 
BOUNDARY POINT 

IS NTYPE 

A NTYPE - 5 

Q 
FOR GL FOR THE TYPE 
1 PERIPHERAL BOUNDARY 

POINTS 

IS THIS 

I YES 

6- ALREADY CALCULATED BEEN 

STORE ELEMENTS OF THE 
R I . S I . S 2  MATRICE FOR THE 
TYPE 2 PERIPHERAL BOUND- 

RETURN 0 

STORE ELEMENTS OF THE 
Rl.Sl.ANDS2 MATRICES 
FOR THE TYPE 3 PERIPHERAL 
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